Abstract-The surface wave dispersion of a grounded layer of liquid crystals (LCs) is investigated by taking into account the inherent electrical reconfigurability of such a material. The spectral dyadic impedance Green's function of the tunable LC grounded slab is calculated and the dispersion curve of the fundamental mode supported by the structure is presented, showing that the orientation of the optical axis of the LCs modifies the surface wave dispersion curve significantly enough to be applied for surface wave propagation control. Furthermore, it is demonstrated that the presence of an inductive metasurface on top of the LC layer impressively reduces the resonance frequency and increases the sensitivity to the continuous voltage biasing.
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I. INTRODUCTION
L IQUID crystals (LCs) can be considered nowadays a promising material for various electromagnetic (EM) applications beyond conventional optics. After their early introduction [1] , [2] , the main engineering applications up to now are mainly related to high-resolution displays (LCDs) [3] - [6] and to the design of tunable devices at microwaves [7] , [8] . In recent years, however, growing interest has been gained among researchers on possible applications of LCs for the design of electrically tunable antennas [9] - [12] . It is well-established [13] , [14] that LCs behave as conventional crystalline solids below a certain critical lower temperature T m and as isotropic liquids above a threshold upper temperature T c , thus being referred to as mesogens materials. Depending on their chemical parameters, e.g., concentration, they can exist in different mesophases, namely, nematic, smetic, ferroelectric, and cholesteric. Undoubtedly, nematic LCs are the most widely used, in engineering applications, because of their very simple rod-type macroscopic structure (see Fig. 1 ), that allows for an uniaxial anisotropic description around an optical axisn [14] . Such a feature allows for tuning the LC electrical permittivity through a biasing voltage higher than a certain threshold. In turn, this opens the possibility to design microwave devices made by adding a metasurface (MTS) on top of the LC substrate with the objective to address and control the propagation of surface waves [15] - [18] or their conversion to leaky waves. The latter application leads to a class of MTS antennas that have been recently studied by various authors [19] - [22] . The objective of this paper is, therefore, to introduce the possibility of reconfiguring and engineering the dispersion property of the LC-based MTS to obtain beam scanning antennas or reconfigurable transformation optics devices.
To be able to well characterize the inherent reconfigurability of the electrical permittivity of a grounded layer of LCs, the surface wave dispersion has to be calculated for different orientations of the optical axis, by using a suitable spectral form of the relevant dyadic Green's function. Although some authors dealt with the problem of the spectral dyadic Green's function for gyrotropic media [23] or for general anisotropic media [24] , no great interest has been devoted to the surface wave dispersion characteristics associated with an LC slab, which is the main aim of this paper. In addition, an equivalent network admittance tensor is provided in a form that is easily integrable in periodic or aperiodic method of 0018-926X © 2017 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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moment solvers for planar multilayer structures. In particular, it is seen here that the presence of an inductive anisotropic MTS layer over a very thin LC substrate has the double effect of exceptionally lowering the resonant frequency and increasing confinement of the surface wave, thus introducing a high sensitivity to the tunability of LC permittivity. This fact opens significant perspectives for low-cost beam scanning antennas [12] . This paper is organized as follows. Section II presents an overview of the EM properties of an unbounded infinite layer of LC medium. Section III is devoted to a formal technique to calculate the dyadic impedance Green's function for a grounded layer of LCs, without and with printed MTS on top. Section IV presents the numerical examples of surface wave dispersion calculation by varying the orientation of the optical axis. In particular, it is shown that it is possible to tune the dispersion features in the absence and in the presence of a thin inductive MTS on top, this later realized by periodic subwavelength slots etched on a thin metallic layer. The conclusions are drawn in Section V.
II. EM PLANE WAVES IN AN UNBOUNDED LIQUID CRYSTAL MEDIUM
Nematic LCs can be considered as uniaxial media, characterized by a dyadic relative electrical permittivity of the form = ⊥ 1+ nn, in which 1 is the unitary dyad, = − ⊥ , and ( ⊥ ) is the relative permittivity exhibited by the LCs when the incoming electric field is parallel (orthogonal) to the optical axisn (see Fig. 1 ). By assuming a space-time harmonic electric field such that e(r, t) = {Ee − j (k·r−ωt ) }, Maxwell's equations lead to the spectral version of Helmholtz equation
in which k 0 = ω √ 0 μ 0 is the free-space wavenumber. The propagation of EM waves in uniaxial media can be modeled by projecting the field on a suitable basis of ordinary and extraordinary waves, the former in which the electric field is orthogonal to the optical axis, namely, E(r)·n = 0, the latter in which the magnetic field is orthogonal to the optical axis, H(r) ·n = 0. Sections II-A and II-B present the dispersion equations for these waves.
A. Ordinary Plane Waves in LCs (E ·n = 0)
Maxwell's equation k · E = 0, under condition E ·n = 0, implies k · E = 0. By substituting the latter in (1), we find that
where k o = k oû is the ordinary wave-vector in a generic directionû. Equation (2) clearly shows that the propagation constant of an ordinary wave in LC medium is only affected by ⊥ . Thus, the dispersion equation for ordinary waves k o = k o (ω) (being ω = 2π f the angular frequency) is simply the one of an isotropic medium of permittivity ⊥ , namely
where c = 1/ √ μ 0 0 is the speed of light in vacuum. The EM field associated with an ordinary wave follows by Maxwell's equations as:
in which η 0 = √ μ 0 / 0 denotes the free-space impedance.
B. Extraordinary Plane Waves in LCs (H ·n = 0)
Under the assumption H ·n = 0, it is convenient to split the vector wavenumber k into its transverse and parallel components to the optical axis. By straightforward algebraic manipulations, it can be proved that the extraordinary wave dispersion equation has the elliptical form
Therefore, the extraordinary wave-vector can be written as
where e is a effective permittivity exhibited by the LC layer in the presence of extraordinary waves. It is worth noting that e is an intermediate value between ⊥ and . The EM field associated with the propagation of an extraordinary plane wave can be calculated as
III. DYADIC IMPEDANCE GREEN'S FUNCTIONS FOR A GROUNDED LAYER OF LCS In this section, the dyadic impedance Green's function for a grounded layer of LCs is formulated. In Fig. 2 , the geometry of the problem is depicted: the substrate of LCs of thickness d is placed above a perfect electric conductor (PEC) ground plane with normalẑ, located at z = −d. We assume that the optical axisn is arbitrarily oriented, i.e.,n = n xx + n yŷ + n zẑ . In this general case, the dyadic relative permittivity of the layer of LCs has the matrix form
We observe that the optical axis orientation depends on the LC biasing voltage; in the two limit cases of unbiased (n ≈ŷ) and saturated (n ≈ẑ) LC slab, one obtains unb ≈ ⊥ (xx +ẑẑ) + ŷŷ and sat ≈ ⊥ (xx +ŷŷ) + ẑẑ, respectively. For the arbitrary values of the biasing voltage, the orientation of the optical axis θ = arccos (n ·ẑ) with respect to z changes [25] . Indeed, the biased LC is inhomogeneous alongẑ. However, since the LC layer is very thin compared with the wavelength, it can be approximately considered as homogeneous. In the following, we will assume that θ is invariant inside the layer for a certain biasing voltage and equal to an average value given by, as suggested in (6) in [25] 
It has been verified that this assumption does not affect the accuracy of our formulation.
Since the medium is unbounded in the x-y directions, we suppose that the transverse to z wave-vector k t = k xx +k yŷ spans from −∞ to +∞ in both its x and y components. The spectral dyadic impedance Green's function of the problem Z LC (k t ) is determined once found the electric field E(k t ) generated by a space harmonic surface electric current J(k t ) flowing on the LC top interface at z = 0, or
in which
The surface electric current J excites plane waves inside the layer of LCs and in free-space, implying four different supported wavenumbers inside the substrate, namely (12) in which the superscript + (−) applies to plane waves propagating in the positive (negative) z-direction and the subscript o (e) stands for ordinary (extraordinary) wave. The transverse wave-vector k t is imposed by the surface current J, whereas the longitudinal components k z(o,e) are calculated by using the dispersion equations for ordinary (3) and extraordinary waves (5), respectively, that is
The EM field inside the layer of LCs (−d < z < 0) can be written as the superposition of four plane wave contributions, namely, two ordinary waves with k ± zo longitudinal wavenumbers and two extraordinary waves with k ± ze , that is (15) in which E ± o,e = η 0 H ± o,e and
are two suitable sets of vectors used to represent ordinary (o) and extraordinary (e) EM waves.
On the other hand, the field in free-space (z > 0) can be written as usual in terms of transverse electric (TE) and transverse magnetic (TM) outward wave constituents, that is
in which E TE,TM = η 0 H TE,TM and
is the set of unit vectors transverse to the z-axis usually adopted to represent TE and TM waves.
A. Boundary Conditions
Once determined, a suitable basis for the expansion of the EM field inside the layer of LCs, the boundary conditions at the interfaces have to be enforced; namely, the PEC condition on the ground planeẑ
and the continuity of the tangential component of the electric fieldẑ
at the interface z = 0. Therefore, the discontinuity of the magnetic field tangential component due to the imposed surface electric current J across the interface at z = 0 giveŝ
By introducing the auxiliary matrices
, and [R(φ)] 2×2 , and the vectors E ± o,e and H ± o,e , with some algebraic steps (refer to the Appendix for details), the dyadic impedance Green's function for a grounded layer of LCs is found as
This expression can be used to calculate the dispersion diagram k t = k t (ω), by looking for the transverse wavenumbers satisfying
for each angular frequency ω in the range of interest.
B. Transmission Line Model of a Grounded Layer of LCs
The above-presented analysis has been performed by expressing the dyadic impedance Green's function in the global x yz reference system shown in Fig. 2 . In practical applications, it could be convenient to define a transmission line network admittance on TE/TM basis, which allows for easy integration into method of moments, which include an MTS at the LC-free space interface. To this end, we rotate the dyadic Green's function of an angle φ = arctan(k y /k x ) around the longitudinal z-axis in order to align the x y system with the ordinary transverse TE/TM unit vectors and we extract the free-space contribution Y TE,TM (k z ). This leads to the equivalent tensorial transmission line load of the grounded layer of LCs Y TXL , namely
in which R(φ) is the rotation matrix defined in (35), and
where
is the longitudinal wavenumber.
C. Surface Wave Dispersion of a Grounded LC Substrate Loaded With an Inductive Metasurface
When an anisotropic inductive MTS is placed upon a grounded layer of LC, a significant variation of the surface wave dispersion properties of the overall structure occurs. Indeed, the MTS can be modeled as a 2 × 2 tensorial load Y MT S , to be placed in parallel to Y T X L (see Fig. 3 ) derived in Section III-B. The contribution Y MT S is calculated by means of an in-house spectral method of moments, following the procedure outlined in [27] . Finally, the contribution Y TE,TM representing the impedance of a possible multilayer structure over the MTS should be added. Hence, the dispersion equation in this case becomes
When the MTS has only free-space on top, Y TE,TM ≡ Y TE,TM , the last contribution in the left-hand side of (26) cancels the last contribution at the right-hand side of (24) . By solving (26) , it is found that inductive MTS over a thin grounded LC layer introduces two surface wave modes without cutoff frequency. The first one is very close to the free-space line, and hence, it is very poorly confined. As a consequence, high energy is required to excite it. The second one exhibits a hyperbolic sine/cosine behavior inside the LCs and it is highly confined to the interface LCs/free-space. This second mode has a dispersion curve extraordinary downscaled with respect to the one of the simple grounded LC layer (see Fig. 4 ). The excitation of such an evanescent mode allows for the use of grounded LC layers for the applications at microwaves, such as dynamic surface wave control or controlled leaky wave radiation, in which the tuning of the electrical permittivity is required.
IV. NUMERICAL RESULTS
This section is devoted to the numerical validation of the procedure to find the surface wave dispersion of a grounded layer of LCs outlined previously. In the following, a layer of LCs of thickness d = 150μm and = 6.6 and ⊥ = 4 will be considered. Such parameters are obtainable by using the LC mixture W-1825, specifically designed for millimeterwave applications [26] .
A. Surface Wave Dispersion of a Grounded LC Substrate
By imposing a transverse wave-vector oriented as k t = (0, k y ) and by using (23), the fundamental TM mode supported by the structure has been calculated, by varying the orientation θ of the optical axisn from zero to π/2 (see Fig. 5 ). Whenn is parallel (orthogonal) to the z-axis, namely, when θ = 0 (θ = π/2), the surface wave dispersion of the fundamental TM mode asymptotically ( f → +∞) tends to that of an isotropic dielectric of relative permittivity ⊥ ( ), whereas for very low frequencies ( f → 0), the mode is not well confined inside the layer of LCs, and its dispersion curve coincides with that of free-space (k = ω/c). Moreover, in all the intermediate orientations (0 < θ < π/2), the surface wave dispersion of the grounded layer of LCs is comprised between the ones corresponding to the upper (θ = 0) and lower bounds (θ = π/2). The numerical results obtained by using our method have been compared with those provided by the commercial software CST Microwave Studio [see Fig. 5 (crosses)] in the cases in which the grounded layer of LCs exhibits a diagonal permittivity tensor, that is, for θ = 0, π/2, showing excellent agreement. It is worth noting that in CST, we created a fictitious elementary periodic cell of grounded slab of LC with a small spatial periodicity ( p x = p y ≈ 100 μm = λ/6 at f = 500 GHz), which corresponds to a spectral periodicity equal to π/ p y ≈ 3.1 × 10 4 m −1 ≈ 3 k at f = 500 GHz. Periodic boundary conditions have been used to replicate the structure.
By changing the direction of the imposed transverse phasing k t = (k x , k y ), the transverse wavenumber of the SW supported by the grounded layer of LCs changes of an amount also depending on frequency and on the orientation ofn. Fig. 6 shows isofrequency dispersion curves for different orientations of the optical axis (φ = π/2, θ = 0, π/6, π/3, π/2) in the range f ∈ [350, 500] GHz. A rapid variation of the surface wave dispersion occurs, as it can be inferred from Fig. 5 . In the case of θ = 0, the isofrequency dispersion curves are obviously circular, since the grounded layer of LCs is isotropic in the transverse directions, whereas by increasing θ , the anisotropy of the structure becomes more and more evident, and hence, the curves are more eccentric along the k x -axis.
We should observe that for this substrate thickness, which is relatively easy to be fabricated, the applicability of tunable LCs for controlling surface waves is within the terahertz range, whereas applications at microwaves would require too thick and unavailable thicknesses of the LC substrates. 
B. Surface Wave Dispersion of a Grounded LC Substrate in Presence of an Inductive Metasurface
Let us add on the top of the LC grounded substrate an inductive MTS characterized by a periodic arrangement of subwavelength slots of width W = 200 μm, length L = 2 mm, and periodicity along the y-axis a = 4 mm and along the x-axis b = 345 μm [see Fig. 7 (inset) ]. The surface wave dispersion obtained by imposing a phasing k t = (0, k y ) is shown in Fig. 7 , in which the orientation of the optical axis varies from 0 to π/2. This result clearly demonstrates the presence of a tunable evanescent mode in the grounded layer of LCs.
It is interesting to analyze the effect of the orientation of the optical axis of the LCs on the whole anisotropy of the structure. To this aim, by imposing the optical axis always orthogonal to the rectangular slots, i.e., varying in the yz plane (θ = 0, π/6, π/3, π/2), the isofrequency curves are calculated in the frequency range [10, 15] GHz (see Fig. 8 ). This means an exceptional scaling factor (almost 20!) with respect to the bare layer of LCs. By calculating the axial ratio (AR) of the ellipses (i.e., the ratio of the major and minor semiaxes of the ellipse approximating the dispersion curve) in all the analyzed configurations, we found that the almost constant value of AR ∼ 1.24. This means that the anisotropy of the structure is not enhanced by the different orientation of LCs. However, the effect of the tunability of the slotted LC layer as a function of the optical axis orientation is observable by the size of the isofrequency dispersion curves, whose semiaxes are scaled by a factor 1.26 by changing θ from 0 to π/2.
C. Electronically Reconfigurable Leaky Wave Antenna
Once established that in an LC grounded slab with an inductive MTS on top the SW dispersion is tunable (see Fig. 7 ), one can modulate the level of equivalent impedance by properly choosing the biasing voltage applied between the upper and lower metal planes of the PPW. This can lead to a scanning antenna once the impedance is modulated [21] . To this aim, let us suppose to periodically vary slot widths of the MTS in such a way to approximate a sinusoidally modulated impenetrable surface reactance of the form [28] X (y) = X av 1 + m cos 2π D y (27) being D, X av , and m the modulation period, the average surface reactance, and the modulation index (0 < m < 1), respectively. Such a periodic modulation allows for the EM field expansion in Floquet modes with wavenumbers k LW = k SW 0 + 2nπ/D (n ∈ Z ), being k SW 0 = β SW − j α the complex transverse wavenumber whose attenuation constant α alongŷ is due to the leakage phenomenon. The average impedance is related to the transverse wavenumber by
in which η 0 is the free-space impedance [29] , [30] . Moreover, by properly designing the period of the modulation, only the n = −1 Floquet mode falls in the visible range and radiates in the direction
As a proof of concept, let us impose the operating frequency at f = 15 GHz, a radiating structure of length L = 10λ, the modulation index m = 0.25, and period D = 0.41λ 0 ≈ 8.1 mm. The dispersion diagram of the overall structure (see Fig. 7 ) provides the correspondence β SW = β SW ( f ) to be used to find the supported transverse wavenumber at the design frequency. In the considered example, three different voltages are applied between the inductive MTS and the ground plane, in order to align the average optical axisn at θ = 0, π/4, π/2. The corresponding transverse wavenumbers β SW at the design frequency are obtained by using the dispersion diagram in Fig. 7 . Moreover, by using (28) and (29), the average surface reactances X av and the pointing angles θ −1 of the antenna, associated with the three different θ values, are provided in Table I . For the sake of completeness, the normalized pattern radiated by the modulated MTS antenna is estimated in Fig. 9 , showing that the actual pointing angle is very close to the approximation given by (29) . Such preliminary results show the beam steering capability of an LC-based MTS antenna.
V. CONCLUSION
In this paper, nematic LCs are investigated as an electrically tunable material for EM surface wave-based applications. Starting from the possibility of dynamically changing the orientation of the optical axis by applying a proper biasing voltage, the surface wave dispersion of a grounded layer of LCs both in the absence and in the presence of an inductive MTS on top is calculated in detail by means of the dyadic uniaxial Green's function. Numerical results of surface wave dispersion are provided and compared with those from a commercial software. The remarkable effect of tunability due to different orientations of the optical axis is highlighted in Section IV-C, suggesting that LCs can be profitably used for the design of a new class of reconfigurable MTS-based antennas. A future experiment implementing the antenna example in Section IV-C is in preparation (inside the framework of the project mentioned in the funding paragraph). The output of such an experiment will be subject of a future paper.
APPENDIX
Some useful matrices used in the formulation of the dyadic impedance Green's function are defined, namely
From (15), one can write (19) in matrix equation form
in which the matrices [U The interface boundary condition (20) , together with (16) and (18), implies
Analogously, by using the matrices [W
The ordinary and extraordinary incident waves at the ground 
However, it is worth noting that the exponentials e − j k ± z(o,e) z can cause a badly scaled reflection coefficient o,e when evaluated the PEC ground plane (z = −d) in the presence of evanescent plane waves (i.e., k ± z(o,e) = ∓ j α is imaginary). Hence, it is useful to shift the tensor reflection coefficient at the interface z = 0, in such a way that the exponential terms due to the wave propagation are equal to one, namely
where [ (a, b) ] is defined in (34). By using (42) together with (36) and (37), and some algebraic steps, one finds ⎡
where the block matrix [M] 4×4 is defined as 
